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A PROPERTY OF CYCLOTOMIC INTEGERS AND ITS RELATION TO 
FERMAT'S LAST THEOREM.* 

By H. S. Vanditeb. 

If p is an odd prime, and 

(1) x» + y p + z p = 

is satisfied in rational integers prime to each other then Furtwanglerf has 

shown that 

r p-i _ i 

— = q(r) = (mod p), 

for each factor r of x in case x sf= (mod p) and for each factor r of x 2 — y* 
in case x 2 — y 2 is prime to p. KummerJ showed that if (1) is satisfied in 
integers prime to each other and to p, then 

d«) 5„[ ^-—Wj^.o (modp), 

where B t = 1/6, B 2 = 1/30, • • • are the numbers of Bernoulli, and n = 1, 
2, 3, ••• (p — 3)/2. Mirimanoff§ proved that these criteria may be 
replaced by 

£n/p-2»(-|)^0 (modp), (n-1,2,3, •• ■ L ^ L? ), 

where 

/«(<) = < + 2'- 1 < 2 + . . . + (p - 1)«-i<p-i. 

In the present paper I shall derive the above results by methods a bit 
different from those employed by the writers mentioned, as well as some 
other criteria in reference to (1). It is shown that the criteria of Kummer 
and Furtwangler may all be derived from one relation. 

1. Kummer 1 1 proved that if $ is a prime ideal of the first degree in the 
algebraic field defined by a = e 2i " lP (i = V— 1), then n<,n 8 'ip [ ,; > ] is a prin- 
cipal ideal in B(a) where s ranges over the integers which satisfy 

— ■ - < s < yi 



& + l^°^ k 



* Presented to the American Mathematical Society, Dec. 1914. 

t Sitsungsberichte K. Akademie der Wissenschaften, Wien, vol. 121 (1912), p. 589. 

t Abhandlungen der K. Akademie der Wissenschaften zu Berlin, 1857. 

§ Journal fur die Mathematik, vol. 128, pp. 45-68. 

|| Journal fur die Mathematik, vol. 35, p. 364. 
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74 H. S. VANDIVER. 

q ranges over the set 1, 2, • • • , k, and k is any integer subject to the condi- 
tions < k < p — 1. Further ty a is the ideal obtained from $ by the 
substitution (a/a a ) and [1 : s] is the least positive solution of sX = 1 (mod 
p). In Hilbert's* notation this may be expressed 

(2) nn^-1- 

q » 

Let k = 1, the relation becomes 

(2a) fi $ tl: .j~l. 

Let k = 2 in (2) and multiply the resulting relation by (2a). The product 
may be written 

(26) f[ fi ?[,„]- 1. 

Using the substitution (a/a** 1 ), we get 

2 [vp/3] 

n n sjp.r] ~ i. 

In like manner, comparison of (26) with (2) for k = 3 gives 

3 [vpm 



3 [vpm 

n n ? P „j ~ i, 



and we find in general 

i-l [vplK\ 

(3) nn^-i (* = 2,3, ...,p-d. 

*i=l r=l 

2. If 2 + (mod p), we obtain from (1) 

(4) x + y = w p , (m>, an integer) 

(5) x + ay = q p , 

where q is an ideal in the field Q(a). If q, denotes the ideal obtained 
from q by the substitution (a /a'), we have from (5) 

U'((x + a^y)) = n'q&.r], 
if 

i-l [vp/*l 

n' = n n 

i-=l r=l 

Since q contains as factors only ideals of the first degree, the relation (3) 
gives 

(6) H'(x + a^y) = t(a)$>, 

where e(a) is a unit and 6 is an integer in Q(a). Using the substitution 

(a la -1 ), we get 

(6a) n'Oc + cr [1:r] j/) = eCor 1 )^-!. 

Now (1), (4), (6) and (6a) show that the ideal (00_i) = ((- z/w)^ 1 ), and 

* Bericht der Deutschen Mathematiker Vereinigung, 1894, p. 223. 
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therefore 00_i = E( — z\wY~ x , where E is a unit in Q. The product of 

(6) and (6a) then gives 

(7) eicdeioT^EP = 1. 
But we also have 

(7a) e(a) = aU'{a + a" 1 ),* 

e'(a + a~ l ) denoting a unit in the field defined by a + a -1 From (7) 
and (7a) we obtain (e'(a + a -1 )) 2 = ■S ,-p > an d if s and r are integers such 
that 2s = 1 + rp, then 

e' 2 * = eV rp = E-* 

and e' = i?i p , where Ex is a unit in ft. Hence e = E\ v a°, and we obtain 

(8) a-«W(x + a [1!rl t/) = « p 

Now by following a method employed by Rummer in the article cited, 
any integral relation between the pth roots of unity, say 

may be replaced by 

where u is an arbitrary magnitude and F(u) is an integral function of u. 
Applying this principle to (8), we obtain 

ijp — 1 

(9) u-oW(x + v?-- r] y) = («(«))' + V(u)- f , 

IX J. 

where V(u) is an integral function of u. Setting u = e v , we obtain from (9) 
- vg + £ log (as + e» t,:r V> = log (a' + VX), 

v, r 

where 

_ e'»- 1 

X ~ e° - 1 

Put [1 : r] = n r . Differentiation gives 

Cim - , v dlog (s + e'"-y) d log (to? + 7Z) 

Let # = 0, we get 

(10a) 

T 1 ( pur-Ida dVX\l 

" la" + VX\ dv + dv Jl-o 
Now [a p + VX] v= o is prime to p, since a is prime to p. Further 

[dVXl n , . . 

L^rL s0 (modp) > 

* HUbert, 1. c, p. 336. 
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since [X] v=0 = p, and 

Hence 

(11) - g + -l-Z nr = o (jnodp). 

We note further that 

[^Lo = 1 + 2" + • • • + (p - 1)" = (mod p), 
for < h < p — 1. We therefore find 

since [« p + FX]„_ is prime to p. Differentiation of (10) then gives 

for & = 2, 3, • • • , p — 2. We have, evidently, 
(13) E^bISh (modp). 

Now if — y/x = i (x + (mod p)), then 

ri log (a; + e v y) _ te v 

dv ~ 1 - te v ' 

We note that 

|(_i_ (s , _ „)_ (s , _ „ * ( r i.) + r i_« ( ^ _ „, 

where s = e*£. Hence* 

■since 1 — i is prime to p. 

Proceeding in this way we find 

[ 5iFi( i-s )l-o~ (<p " 1} L*^ 1 vjn=i )_Lo 

modulo p. Or 

/.(*) = t + 2"- 1 * 2 + • • • + (p - l)"" 1 ^ 1 

--<*-»[a£(rh)L (modp) ' 

* Frobenius, Berlin Sitsungsberiohte, July, 1910, p. 843. 
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Applying this to (12) and (13), we obtain 

(14) Z Zk(^0 (modp), 

„=i j=i j 

for a = 2, 3, • • •, p - 2. 

3. To deduce the criteria of Kummer it is necessary to transform (13). 

Let m be an integer such that 1 < ra < p and let [k] represent the least 

positive residue of k x modulo p, where k is an integer. We have 

ran = [mn] + ran — [ran] 
and 

m'n* = [ran]" + s[mn]'~ 1 (mn — [mn]) (mod p 2 ), 

since ran — [ran] is divisible by p. We have also 

s[ran] s-1 (ran — [mn]) = s(mn)'~ 1 (mn — [mn]) (mod p 2 ), 

and therefore, if we let n range over the integers 1, 2, • • •, p — 1, we get 

ra'Sn 4 - X) M' = (™>" — l)Sn» 

(15) " 

^ ' s sra"" 1 2 n*~\mn — [ran]) (mod p 2 ). 

Now, if 1 < s < p - 1, 

ra" — 1 2n* ^ n s-1 (ran — [ran]) . , . 

— — j =2_, i — - (modp). 

sra*^ 1 p n P 

If 6 2a -i = 0, 6 2o = (— 1) 0-1 5 , it is known that 

Sn* = b 3 p (mod p 2 ). 
We then have 

ria\ 6,(m* — 1) ^ n« _1 (ran - [ran]) , . 

< 16 > «nr-i ■? p (****> 



v, Tranl 

s ?l7\T 



(mod p) 



s - Z [^ J (P - «) a_1 (mod p) 

m—\ [vpjm] 

(16a) s-II j'- 1 (mod p). 

K=l J'=l 

Now from (15) for s = p — 1 we obtain 

m p-i _ 1 nv~Hmn — [mn]) . . . 
-ra E»» H3 I ~ — - (modp), 

P n n P 

and, noting that Zn 1 ^ 1 = — 1 (mod p), we find as in the case * < p — 1, 
(17) - ra ? (ra) s Z Z 7 (mod p).* 

K=l .7=1 J 

* For other derivations of (16a) and (17) see the author's article in these Annals, second 
series, vol. 18 (1917), p. 114. 
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Applying (16) to (14), we have 

bail ak 7-P f P -a(t) ^ (modp), 

k = 2, 3, • • •, p — 1 and a = 2, 3, • • •, p — 2. Let & be a primitive root 
of p; then 1 — &° + (mod p), and 

hj p -a{t) ss (mod p), 

which for a even gives the criteria of Kummer. Applying (13) and (17) 
to (11), we have 

kyq(k) . , . 

0^-^+7 ( m odp), 
and we may state the result : 

// (1) is satisfied in integers prime to each other and z is prime to p, then 
it is necessary and sufficient that* 

h-l [vplk] 

(20) II II (x + a [1:r V) = a-t-*"«*«'<*+»W, 

»=1 r=l 

(21) x -f- y = V (v an integer), 

where k is any integer 1 < k < p, and u is an integer in 8(a). 

These conditions have already been proved necessary. To prove them 
sufficient make the substitution (a/a -1 ) in (20) and multiply the resulting 
relation by (20) and the (k — l)th power of (21). We obtain 

from which (1) follows. 

4. To derive Furtwangler's theorem by means of (20) set 



r^ajl} (modp), 



where f is an integer in fl(a), $ is an ideal prime in S2(a) which is prime tp 
f and p, r ! is the norm of fy, and {f /$ } is a certain pth root of unity. Then 
f is a perfect pth power, modulo $, if and only if 



[*}- 



Let c be a rational prime factor of y in (20), if y + (mod p). Then 
from (20), 



(22) 


lc) = \c\ > V 


wnere 


{cj = {^j{wr"{^ 


(23) 


C = $!$,•••$., 



* Throughout this paper, whenever a fraction appears as an exponent of a, that exponent 
is the integer d, where d satisfies df t m / 2 (mod p), /2//1 denoting the fraction in question. 
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the $'s being prime ideals in 0(a). Evidently 

(24) {x/c} = 1, 

since if {x/c} = a a (a #= 0), then by the substitution (a/a m ) (m prime to p) 
we obtain a" = a*", whence a = 0. Let k = p — 1 in (22). We have 
q(p — 1) 4 s (mod p), and since y + (mod p), we have using (24) 

Now in (23) the 'p's are distinct prime ideals each of degree /, where ef 
= p — 1.* Hence 

'fl-lil-li: 

= a" ' =1. 

Hence 

c 7 — 1 

— — = (mod p), q(c) = (mod p). 

We have 

a; + a s y = x ± ?/ + (a s =F l)t/. 

Substituting this form in (20) we get, provided that d is a factor of 
or, by use of (17), 



(25) | | 



[l:r] [l:r] 

(*~Dm f ^ \-*Jfl Ty/ J q~ =F <* 



dl "I d 



The substitution (ajoT 1 ) shows that 



Hence (25) reduces to 



d 



I &(»-y)g(&) 



= 1 (a + (modp)). 



d 



H k = p — 1, this gives, provided that x — y 4 s (mod p), 

{«/<*} = 1, 
and, as before, we find q{d) = (mod p). Whence the theorem: 

If 

x" + yp 

x + y 
where x, y and v are integers prime to each other, then q(r) = (mod p), 

* Hilbert, 1. c, p. 329. 
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where r is any factor of xy (xy + (mod p)) and q(r) = (mod p) for any 
factor r of x 2 —y 2 , provided that x 2 —y 2 is prime to p. Furtwangler's theorem 
follows from this. 

5. Kummer in his first paper referred to above applied the relation 
(2) to (1) for the case where x, y and z are prime to p and found 

II ( x + « C1:, V) = <* a y p , 

s 

where s ranges as in (2) and 7 is an integer in Q(a). The integer a was not 
determined by him. By methods already explained we find 

V v^l 



a = 



,1; (modp), 



x + y*?s 
and* 

2 - = - kq(k) + (k + l)q(k + 1) (mod p). 

o 

6. If in the relation (1) xyz is prime to p, then apply Wieferich's criteria 
g(2) = (mod p) to (20) for k = 2. We obtain 

II (z + a [,:r V) = a". 

r—l 

Similar relations may be derived by using the criteria 

ff(3) « g(5) = g(ll) ^ g(17) « (mod p).» 

7. In (1), assume that 2 is divisible by p. By Furtwangler's theorem 
we note that each factor of x or y which is of the form 1 (mod p) is neces- 
sarily of the form 1 (mod p 2 ). Hence 

x p + z p = x + z (mod p 3 ), 

yP -]_ Z P = y _|_ g ( mo( J p3) 

and 

x p + y p + 2z p = x + y + 2z (mod p 3 )- 
Since 

x + «/ = (mod p 3 ), 
we have 

x p + y p + 2z p = s 2^ (mod p 3 ) 

or 2 s (mod p 3 ). In the relation (1), x, y and 2 cannot all be odd. If 
x or y is even, then Furtwangler's theorem gives g(2) = (mod p); and 
if q(2) = (mod p), then 2 must be divisible by 2p 3 . By using in addition 
the part of Furtwangler's theorem referring to factors of x 2 — y 2 , it may 
be shown that 2 = (mod 3p 3 ), unless g(3) = (mod p). 

* Vandiver, 1. c, p. 114. 

t Mirimanoff, Comptes Rendus, vol. 150 (1910), p. 206; Vandiver, Journal fur die Mathe- 
matik, vol. 144 (1914), p. 314; Frobenius, Sitsungsberichte der Preuss. Akademie der Wissen- 
bchaften, vol. 22 (1914), p. 65. 



